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The paper consists of three parts.

Part I: We establish an isomorphism between the well-formed cyclic lambda-graphs and their syntactic
representations. To define the well-formed cyclic lambda-graphs we introduce the notion of a scoped
lambda-graph. The well-formed lambda-graphs are those that have associated scoped lambda-graphs.
The scoped lambda-graphs are represented by terms defined over lambda calculus extended with the
letrec construct. On this set of terms we define a sound and complete axiom system (the represen-
tational calculus) that equates different representations of the same scoped lambda-graph. Since a
well-formed lambda-graph can have different scoped lambda-graphs associated to it, we extend the
representational calculus with axioms that equate different representations of the same well-formed
graph. Finally, we consider the unwinding of well-formed graphs to possibly infinite trees and give a
sound and complete axiomatization of tree unwinding.

Part II: We add computational power to our graphs and terms by defining S-reduction on scoped
lambda-graphs and its associated notion on terms. The representational axiom system developed
in the first part combined with S-reduction constitutes our cyclic extension of lambda calculus. In
contrast to current theories, which impose restrictions on where the rewriting can take place, our
reduction theory is very liberal, e.g., it allows rewriting under lambda-abstractions and on cycles. As
shown previously, the reduction theory is non-confluent. We thus introduce an approximate notion of
confluence, which guarantees uniqueness of infinite normal forms. We show that the infinite normal
form defines a congruence on the set of terms. We relate our cyclic lambda calculus to the plain
lambda calculus and to the infinitary lambda calculi. We conclude by presenting a variant of our
cyclic lambda calculus, which follows the tradition of the explicit substitution calculi.

Part III: Since most implementations of non-strict functional languages rely on sharing to avoid
repeating computations, we develop a variant of our cyclic lambda calculus that enforces the sharing
of computations and show that the two calculi are observationally equivalent. For reasoning about
strict languages we develop a call-by-value variant of the sharing calculus. We state the difference
between strict and non-strict computations in terms of different garbage collection rules. We relate
the call-by-value calculus to Moggi’s computational lambda calculus and to Hasegawa’s calculus.

Note: The research of the first author is supported by NSF grants CCR-9410237 and CCR-9624711.
The second author was partially supported by NWO grants SIR 13-3416 and SIR 13-3908 and by
NSF grant CCR-9624711. A shorter version of this paper appears in the Proceedings of TACS ’97 as
?Cyclic Lambda Calculi” [AB97].
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1. Introduction

Cyclic lambda-graphs are ubiquitous in a program development system [PJ87]. However, previous
work falls short of capturing them in an adequate way. This lack of explicit treatment of cycles
results in the loss of important intensional information and in weak theories that cannot express
many transformations on recursive functions. For example, consider the following term:

M = letrec even = Az.if z = 0 then true else odd(z-1)
odd = Az.if z = 0 then false else even(z-1)
in eveny .

(A note on syntax: the construct letrec ---in --- stands for a collection of unordered equations
and a main expression written after the keyword in.) At compile time it might make sense to unfold
or inline odd in the definition of even, triggering the constant folding and unused lambda expression
transformations obtaining the term below:

N = letreceven = Az.if 2 = 0 then true else if z = 1 then false else even(z-2)
ineveny .

We can express terms M and N in the lambda calculus extended with pairs (denoted by (, ) with
destructors Fst and Snd) and the p-operator (rendered by the p-rule pz.M — Mz := pz.M]) as
follows (we denote the translation by [-],):

[M], = let even odd = pz.( Az.if £ = 0 then true else Snd 2 (z-1),
Az.if £ = 0 then false else Fst z (z-1))
in Fst even_odd y
[N], = 1let even = py.Az.if z =0 then true else if = 1 then false else y(z-2)
ineveny .

Note that [M], does not rewrite to [N], in Au. The two terms are not even provably equal. This
means that these simple inlining optimizations are not expressible as source-to-source transforma-
tions in Ay; thus, one cannot use the calculus to reason about their correctness or to study the
efficiency of different application strategies.

Cycles are also important for reasoning about run-time issues. For example, the execution of M
will involve a substitution of even in the main expression, followed by a -reduction, obtaining;:

letrec even = Az.if z = 0 then true else odd(z-1)
odd = Az.if z = 0 then false else even(z-1)
in if y = 0 then true else odd(y-1) .

Let us consider [M],. We first apply the p-rule to expose the lambda-abstraction, and then, as
before, perform one substitution followed by a g-reduction, obtaining the following term, in which
we have denoted the p-expression occurring in [M], by P:

let even odd = (Az.if 2 = 0 then true else Snd P (z-1),
Az.if £ = 0 then false else Fst P (z-1))
in if y = 0 then true else Snd P (y-1) .

The unsuitability of a calculus such as Ay for reasoning about execution now comes to the surface.
While the execution of M has made only one copy of even, the execution of [M], has created four
copies of even and three copies of odd.

Interestingly enough, a theory of cycles turns out to be useful also for defining a parser. As
described by Tomita [Tom85] and Billot et al. [BL89], a compact representation of all possible parse
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trees (that could be an infinite number) associated with a string is a cyclic graph, called a parse
forest. The lack of a theory regarding cyclic objects has forced some research projects investigating
automatic programming environment generators, such as the ASF+SDF system developed by Klint
[K1i91], to apply a disambiguation process to remove the cycles [KV94] and so retrieving a tree
object. Familiar rewriting can then be applied on that object. This disambiguation process would
not be required if cycles were part of the rewriting technology.

We conclude that a theory of cycles is necessary if one wants to reason about compilation,
optimization and execution of programs. Presentation of such a theory is the goal of this paper.

What makes a theory of cycles difficult to develop is that, once lambda-abstraction and cycles are
admitted, confluence is lost, unless the theory is powerful enough to represent irregular structures, as
shown in [AK94, AK]. To regain confluence, current formulations of cycles either impose restrictions,
such as disallowing reduction under a lambda-abstraction or on a cycle ([Ros92, BLR96, Nie96,
AK94, AK]), or adopt a framework based on interaction nets [Laf90]. As discussed in [Mac94] and
[AL94] cycles do not destroy confluence in the context of interaction nets, but only at the expense
of greater complexity.

In this paper, we limit our attention to cyclic lambda-graphs that occur in current implementa-
tions of strict and non-strict functional languages (we are not interested in optimality); thus, we will
only consider cyclic lambda-graphs that unwind to regular trees. In contrast to the above mentioned
approaches, we do not restrict the selection of redexes but introduce an alternative way of guarantee-
ing the consistency of the calculus. This consists of an approximate notion of confluence - confluence
up to information content. This new notion is somewhat reminiscent of another ‘approximate’ no-
tion of rewriting and confluence, namely, rewriting modulo an equivalence relation and confluence
modulo equivalence [Hue80]. However, unlike these notions, we do not combine rewriting with an
equivalence relation, but with an equally fundamental notion, namely a quasi order, expressing a
comparison between the ‘information content’ of the objects in question. Explicit studies of such a
combination of a rewrite relation with a quasi order are not abundant; the only study that we are
aware of is [Sel96]. In the context of process algebra, Sangiorgi and Milner ([SM93]) also consider
equivalences of processes up to an asymmetric relation, such as a quasi order, as a technique to prove
bisimulation.

The paper is divided in three parts. The first part, consisting of Sections 2-8, is devoted to
establishing an isomorphism between cyclic lambda-graphs and their syntactic representations. The
second part, consisting of Sections 9-16, adds computational power to our graphs and terms and
presents properties of the resulting equational theory. The third part, consisting of Sections 17-19,
adds sharing to our previously developed calculus, resulting in two distinct calculi that are the
foundation of strict and non-strict functional languages. An extension to data structures is also
presented. We conclude in Section 20.

Part I: We start in Section 2 by introducing cyclic lambda-graphs. As in Wadsworth [Wad71], we
do not deal with all possible lambda-graphs, but restrict our focus to the set of well-formed lambda-
graphs. To define this class we introduce the notion of a scoped lambda-graph. The well-formed
lambda-graphs are those that have associated scoped lambda-graphs. In Section 3, we introduce the
syntactic formalism used to represent scoped lambda-graphs. Throughout this paper these syntactic
objects are referred to as cyclic lambda terms. We present a mapping from cyclic lambda terms to
scoped lambda-graphs. Since different cyclic terms can represent the same scoped lambda-graph,
we introduce in Section 4 the representational calculus Ro. Ro equates all distinct representations
of a scoped lambda-graph. In the same section, we also introduce a confluent and terminating
representational rewriting system, which allows us to associate a canonical representation to each
scoped lambda-graph. Since we would also like to equate different representations of the same well-
formed graph, we extend Ry with two other axioms in Section 5. We call the resulting system R;. In
Section 6, we further extend R; to make terms that unwind to the same tree provably equal. We call
the calculus R,. In Section 7, we summarize the representational calculi and associated rewriting
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systems. In Section 8, we explore alternative representational rewriting systems and discuss their
properties. In particular, we introduce the rewriting system Ro~ whose associated convertibility
relation corresponds to the provable equality induced by R. Ro™ constitutes our starting point for
the next part.

Part II: In Section 9, we define 3-reduction on scoped lambda-graphs and its associated notion on
cyclic terms. Ro™" combined with B-reduction constitutes our cyclic lambda calculus. In Section 10,
we introduce the notions of confluence up to a quasi order, of completeness up to a quasi order and of
infinite normal form. We present some sufficient conditions that guarantee soundness of the infinite
normal form with respect to reduction. A comparison between confluence, confluence modulo an
equivalence relation and confluence up to a quasi order is also made. In the following two sections
we introduce two applications of the notions introduced in this section. In Section 11, we show that
Ro™" is confluent up to. This implies that we can define the tree unwinding of a cyclic term as the
infinite normal form of that term. In Section 12, we show confluence up to of the cyclic lambda
calculus. In Section 13, we prove that the infinite normal form defines a congruence with respect to
the term formation rules, guaranteeing observational equivalence. In Sections 14 and 15, we relate
our cyclic lambda calculus to the traditional lambda calculus and to the infinitary lambda calculus
of Kennaway et al. [KKSAV95], respectively. In Section 16, we present a variant of our cyclic lambda
calculus which follows the tradition of the explicit substitution calculi [ACCL91, Ros92].

Part III: In Section 17, we add the notion of sharing to our cyclic calculus for reasoning about
current implementations of non-strict functional languages. In the call-by-name calculus every term
is substitutable, while in the sharing calculus substitution is restricted to values, thus avoiding
duplication of work. We show that this restriction does not change the infinite normal form of a
cyclic term. For reasoning about strict languages, in Section 18, we introduce the cyclic call-by-value
calculus, which is obtained by restricting the garbage collection axiom of the sharing calculus to
collect values only. This expresses the fact that strict and non-strict computations capture the same
amount of sharing. The call-by-value calculus is then equipped with a term model, which allows us to
relate our calculus to the commutative version of Moggi’s computational lambda calculus [Mog88]
and to the recently developed calculus of Hasegawa [Has97]. An extension to data structures is
presented in Section 19.
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Figure 1. Wadsworth’s non-admissible lambda-graph
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Figure 2. Why the black hole is needed

Part I
Graphs as terms and terms as graphs

2. Cyclic lambda-graphs and scoped lambda-graphs

We introduce a basic formalism for cyclic lambda-graphs in a format similar to the one used for
first-order term graphs in [BvEG™87]. Following an idea used by Bourbaki in Eléments de Théorie
des Ensembles to deal with quantifiers, an occurrence of a bound variable in a lambda-graph is
represented by a back-pointer to the corresponding binding lambda-node. This implies we will not
be able to represent the lambda-graph of Fig. 1, which Wadsworth [Wad71] calls a non-admissible
lambda-graph. Each argument of a node is either a normal pointer to some node, a back-pointer to
a lambda-node, or is a free variable from the set of variables V. A normal pointer is denoted by v, w,
a back-pointer by ¥, w and a variable by z,y, 2. We let A(v); denote the i** argument of node v. A
graph has a root r, which can be anything that an argument can be. If the label of a node is e then
that node is called a black hole. The black hole denotes provable non-termination. It was already
introduced in the first-order case to be able to reduce a cyclic graph in the presence of collapsing
rules, i.e., rules of the form Iz — x. Consider the reduction given in Fig. 2. If the cyclic graph
on the left-hand side of the reduction reduces to itself then confluence is lost (see [AA95]). A more
thorough discussion of the black hole is given in [AKK194].

Notational conventions: given sets S and T, P(S) stands for the powerset of S, S\ T stands for
set difference, ¥* stands for strings over the alphabet ¥, |w| stands for the length of the string w,
and V @ W stands for the disjoint union of sets V and W. From now on, we will sometimes write
graph for cyclic lambda-graph.

DEFINITION 2.1. A lambda-graph is a tuple (V, L, A, r) where
- V is a set (possibly infinite) of nodes.
- L:V — {),Q, e} is a labeling function.
-A:V 5 (Ve{v|veV,Lw) = A} ®V)* is a successor function such that
0,if L(v) = o

|A()| =4 1,if L(v) = A
2, if L(v) =
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Figure 3. Pointers versus back-pointers
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Figure 4. Labeled line

-re(Ve{v|veV,Lv) =A}V).

In addition to the usual conventions on how to give a graphical representation of a cyclic lambda-
graph, we follow the convention that if an arrow enters a lambda-node from above it represents a
normal pointer and when it enters from below it represents a back-pointer. Thus, for example, we
distinguish between the two lambda-graphs of Fig. 3. We draw a free variable as a labeled line
and not as a node labeled z. For simplicity, we draw the label of the line at the end of the line.
See the lambda-graph of Fig. 4 depicting a free variable . We picture the root as a pointer or a
labeled line that has no starting node. Fig. 5 shows some more examples of lambda-graphs. The
lambda-graph on the left corresponds to a free variable z with a lambda-subgraph not accessible
from the root. Note the difference between an arrow and a labeled line. Fig. 6 shows some examples
of ill-formed lambda-graphs. In the left graph there are three errors: there is no root, the lambda
has two arguments instead of one and the symbol z is shared by two labeled lines. In the middle
graph the back-pointer to the lambda lacks an arrowhead and the labeled line is illegally drawn
with an arrowhead. In the right graph there are two roots. Moreover, the top application does not
have enough arguments. The fact that some pointers to the application nodes point to those nodes
from below is unusual, but it is not wrong. This is because only back-pointers to lambda nodes
are possible, so pointers to an application, even if they come from below, are always interpreted as
normal pointers.

In the following, when we talk about a path in a lambda-graph, we mean a directed path using
only the arrows representing normal pointers. We refer to a graph in which all nodes are reachable
by a path starting at the root as a garbage free graph. We assume that equality between graphs
stands for rooted graph isomorphism.

In this paper, we will only deal with a subset of all possible lambda-graphs. For example, we will
not consider the third lambda-graph of Fig. 5. To characterize this subset, referred to as the subset
of the well-formed lambda-graphs, we introduce the notion of scope, which associates a set of nodes

xé\x C%/@O é\%b }ﬁ @i% A
oA A

z z

Figure 5. Examples of lambda-graphs
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to a lambda-node. Intuitively, as it will be discussed in the second part, the scope of a lambda-node
v corresponds to that part of the graph that is copied when a [-reduction is performed with v
denoting the function part of the application. This means that at run-time there is no decision to
be made on how much copying to do. This differs from Wadsworth’s graph reduction [Wad71], in
which the amount of copying is determined at run-time. Since in our approach the copying occurs
at once, we rule out optimal implementations which, as discussed in [Mac94], require to copy on a
node-by-node basis.

DEFINITION 2.2. A scoped lambda-graph is a tuple (V, L, A, S,r), where
- (V,L, A,r) is a lambda-graph

- S :{v e V|L(w) = A} = P(V) is a function such that for every lambda-node v the following
axioms apply.

- auto: v € S(v)

- bind: Vw : U is an argument of w implies w € S(v)

upward-closure: If wy Z v and ws is an argument of w; and we € S(v) then wy € S(v).
- nesting: ¥ lambda-nodes w : S(w) N S(v) = {} or S(w) C S(v)\{v} or S(v) C S(w)\{w}

- root condition: r € V or r € V such that Vv : r ¢ S(v)\ {v}.

For a lambda-node v we refer to S(v) as the scope of v. We depict the scope of v by drawing
a line starting at one side of the lambda-node around all other nodes that are a member of the
scope ending at the other side of the lambda-node. Note that the upward-closure axiom is logically
equivalent to: if wy & S(v), w2 € S(v) and ws is an argument of wy then wy = v.

ExampPLE 2.3. The graphs of Fig. 7 and 8 are examples of scoped and ill-formed scoped graphs,
respectively. Since the scope of a lambda-node involves nodes and not edges, we can take the liberty
of drawing the label of an edge either inside or outside the scope, e.g., see the second graph of Fig.
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Figure 9. Example of ill-formed lambda-graph

7 in which the left label is outside the scope and the right-one is inside. However, we follow the
convention of keeping the number of line crossings as small as possible. Thus, we draw the labels
inside the box.

The first graph of Fig. 8 violates the bind scope axiom because the first application node has a
back-pointer to the lambda-node v and is not a member of the scope of v. The second graph violates
the upward-closure scope axiom because the scope of the upper lambda-node v is entered from a
node different than v. The third graph violates the nesting scope axiom because the intersection
of the two scopes is non-empty without one being a proper subset of the other. The fourth graph
violates the root condition because the root points to a node inside a scope.

We remark that the upward-closure axiom implies that if you have an acyclic path from a lambda-
node v to a node w in the scope of v then every node on that path is in the scope of v. However,
the converse does not hold. That is, if for every acyclic path from a lambda-node v to a node w in
the scope of v we have that every node on that path is in the scope of v then we do not have the
upward-closure axiom; e.g., the second graph in Fig. 8 satisfies the condition on paths, but not the
upward-closure axiom.

By definition we get a lambda-graph when we drop the scope function from the tuple. However,
not every lambda-graph is obtained by stripping the scope function from the tuple.

DEFINITION 2.4. A lambda-graph (V, L, A,r) is well-formed if there exists a scope function S such
that (V,L,A,S,r) is a scoped graph.

The garbage free and acyclic well-formed graphs correspond to the admissible graphs described
by Wadsworth [Wad71].
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Figure 10. A graph with a minimal scope function

ExAMPLE 2.5. The lambda-graph of Fig. 9 is not well-formed. According to the root condition the
top application node cannot be the member of any scope. This forces the scopes of the two lambda-
nodes to be disjoint. If we forget the circled application node then there is exactly one possible scope
function for the graph: the scope of the left lambda-node is the node itself, the two application nodes
below it and the right garbage application node. The scope of the second lambda-node consists of
the node itself, the application nodes below it and the left garbage application node. When we do
have the circled node then we are forced to add it to both scopes because it refers to a node in both
scopes and is not the lambda-node. This violates the nesting scope axiom.

From now on we will assume that a graph consists of a finite set of nodes unless stated otherwise.

For garbage free graphs there is a necessary and sufficient condition to ensure that they are
well-formed.

PROPOSITION 2.6. Given a garbage free graph g = (V, L, A,r). Then g is well-formed iff for every
node v with a back-pointer to w, w is on each path from the root to v.

PRroOOF.

= Since the graph is well-formed it means there exists a function S such that (V, L, A, S,r) is a
scoped graph. Given this scoped graph and a node v with a back-pointer to w and a path from
r to v. If r is not a member of the scope of w then by the upward-closure axiom every path to
v must pass through w because v is a member of the scope of w. If r is a member of the scope
of w then according to the root condition r = w and therefore w is on the path.

< Given a lambda-graph that satisfies the condition we want to define a scope function S. We do
this by defining a relation S which can be read as a function by taking S(w) = {v | w S v}.

We define S as the smallest relation such that:

- For every lambda-node w we have w S w.

- If there exists an acyclic path from a lambda-node w to a node v; to a node vs with a
back-pointer to w then w S v;.

- If wy S wy and wo S v then wy S v.
The intention is that the first clause forces the auto axiom, the second clause forces both the
bind and upward-closure axioms, and the third clause forces the nesting axiom.

Before showing that the function S defined in this way is actually a scope function we give
an example of a scope function defined in this way. Consider Fig. 10. From the top down let
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us call the lambda-nodes [;,l5 and I3 and the application nodes a;,as and az. The first clause
forces the lambda-nodes to be members of their own scopes. By the second clause, we have
that l2,a2 and a3 are members of the scope of [s. By the same clause, we have that l1,a1,ls
and ay are members of the scope of ;. The third clause adds a3z to the scope of I1. Note that
the second clause makes I; and I members of their own scope, but does not make I3 a member
of the scope of I3, therefore the first clause is not superfluous. Also note that the second clause
does not require I3 to be in the scope of Iy, since the path from /1 to I3 and a5 is cyclic. The
final result is S(ll) = {ll,al,lg,ag,a3},S(l2) = {lz,az,a3}, S(l3) = {13}

To show that S is a scope function, let v be a lambda-node then:

- auto: v € S(v) by the first clause.

- bind: If a node w has T as an argument then because the graph is garbage free there must
be a path from the root to w. By the assumption this path goes through v and so by the
second clause we have that w € S(v).

- upward-closure: Suppose wy ¢ S(v) and wy € S(v) and w, is an argument of wq. Suppose
wy Z# v. we must have been included in S(v) by application of one of the following clauses:

- There exists a path from v to ws to w', where w' has T as argument. Because the
graph is garbage free there is a path from r to w;. So there also exists a path from
r to wy to we to w'. This can only be the case if v is on the path from r to wy, but
that would imply that wy € S(v). Contradiction.

- There exists a w' such that vSw' and w'Sws, where w' is neither v or ws. Suppose
wy € S(w') then by the third clause w; € S(v). This means that w; ¢ S(w'). We
also have that ws € S(w'). We then repeat the analysis and eventually end up in the
previous case.

- root condition: Before proving that the nesting axiom holds, we prove that the condition
on the root holds.

- If the root is a variable then the graph has no nodes and the condition is met.

- If the root is an application node then in order to be in some scope the root would
have to be on a path from a lambda-node to a node with a back-pointer to that
lambda-node. So there would be a path from the root to a node with a back-pointer
that does not pass through the lambda-node first. Contradiction. So the application
node cannot be the member of any scope.

- If the root is a lambda-node then the root is obviously the member of the scope of
itself. The root is however not the member of any other scope, by applying a similar
argument as in the previous case.

- nesting: Let v; and vy be two different lambda-nodes. Let w € S(v;) N S(v2). Since the
graph is garbage free there must be a path from the root to w. If the root is not a member
of the scope of vy or vy then that path passes through v; and vs because w is a member of
both scopes and by the upward-closure condition proven above. Let us assume it passes
through v; first. This means that v, is in the scope of v; and therefore by the third
clause S(v2) C S(v1). Suppose v1 € S(v2). Then every path from the root to v; must pass
through v, first. Contradiction. So S(v2) C (S(v1) \ {v1}).

If the root is a member of the scope of v; or vs then let us assume the root is v;. By the
root condition shown above we have that v; ¢ S(v2). By the same reasoning as above we
have that S(v2) C S(v1) and so S(v2) C (S(v1) \ {v1}).

O

Note that the third graph in Fig. 5 is not well-formed since it does not meet the condition stated
in the proposition above.
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Figure 11. Two scoped versions of the same graph

PROPOSITION 2.7. Given a well-formed garbage free graph g = (V,L,A,r). Then g has a unique
minimal scope function S, i.e., for all scope functions S':

YoeV :Lw)=X= S() CS'() .

Proor. It is not difficult to show that the scope function S built in the proof of Proposition 2.6
satisfies this property. [

REMARK 2.8. If a well-formed graph is not garbage free then there need not exist a minimal scope
function. In Fig. 11 we have drawn two scoped versions of the same graph. Both scope functions
are minimal. One could also ask about the existence of maximal scopes. The graphs in Fig. 11 also
are a counterexample against the existence of maximal scopes for graphs with garbage. For every
well-formed garbage free graph, we can define the unique maximal scoping by w € S(v), if all paths
from the root to w pass through the lambda-node v.

The minimal scope corresponds to that part of a lambda-graph that is copied during reduction by
Wadsworth’s graph interpreter.

3. Cyclic lambda terms: a syntactic representation of scoped
lambda-graphs

We now introduce the syntactic formalism used to represent finite scoped graphs. The same formalism
was already introduced in [AK96] for the first-order case, and extended with lambda-abstraction in

[AK94, AK]. However, in that work a precise connection between terms and lambda-graphs was not
established.

DEFINITION 3.1. The following clauses define the syntax of cyclic lambda terms:

Terms (Ao) M
Declarations D

z | deM | MN | (M|D)
.’L‘1:M1,...,:L'n=Mn

where the recursion variables x;, 1<i<n, are distinct from each other.

In other words, the set of cyclic lambda terms consists of the lambda calculus terms (i.e., vari-
ables, abstractions and applications) and the letrec construct:

<M|H§'1:M1,"',Z'n:Mn> .

We sometimes refer to M and D as the external and internal part of (M | D). Terms that differ in
the order of the equations are identified. In the earlier papers on this formalism [AK96, AK94, AK]
the entire letrec construct was referred to as a box. In the graphs drawn in those papers there are
boxes that represent these constructs. They should not be confused with the boxes we have used
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Figure 12. Pictorial definition of pyre

here to represent scopes. Scopes are associated to lambda’s and do not reflect the nesting of letrec’s
in a term.

We adopt the following notation: A context C is a term with a hole O in the place of one
subterm. The operation of filling the context C' with a term M yields the term C[M], possibly
capturing some free variables of M in the process. By convention, bound and free variables are
distinct from each other. M[z := N] stands for the substitution of N for each free occurrence
of x in M, without capturing free variables in N. = stands for syntactic equivalence up to a-
renaming, applied to both lambda-bound variables and recursion variables. If D; and D, are the
lists of declarations 1 = My,---, 2y = M, and y; = Ny,---,y, = M,, respectively, such that
Vi, j : x; # y; then we denote the list of declarations zqy = My, -- -, Zp = Mp, 41 = N1, -+, yn = My,
by D1, Dy. When it is convenient to do so we sometimes denote a list of declarations as a set, e.g.,
Dy, = {z, = My, -, 2, = My, }. For example if D; = {z = y},Dy = {y = z} then we cannot
write Dy, Dy, but Dy, D5 is fine. Let — be a reduction relation then <3 denotes the convertibility
relation induced by —> and —» denotes the reflexive and transitive closure of ="

3.1. Mapping cyclic lambda terms to scoped lambda-graphs

We define a mapping from cyclic terms to scoped graphs to give graph-semantics to cyclic terms.
To simplify the definition of this mapping we introduce the notion of a (scoped) pre-graph, in which
the condition on the arity of a black hole is relaxed.

DEFINITION 3.2. A (scoped) pre-graph is a (scoped) graph where a node labeled with ¢ may have
0 or 1 argument(s). If such a node has arity 0 we still call it a black hole but if it has arity 1 we call
it an indirection node.

We have chosen the same symbol for indirection nodes and black holes because a black hole can
be seen as a special case of an indirection node: an indirection node that refers to itself and therefore
cannot be removed.

We map cyclic terms to scoped graphs via the mappings ppre and Sim:

Ppre : Ao — scoped pre-graphs
Sim : scoped pre-graphs — scoped graphs .

The mapping ppre transforms every lambda, every application and every occurrence of a variable,
that is not on the left-hand side of an =-sign, into a node of the appropriate type (lambda, application
and indirection, respectively). For a term Az.M the scope of the lambda contains the lambda-node
itself and every node corresponding to the subterm M. Formally, we have:

DEFINITION 3.3. Given M € Ao, ppre(M) is constructed recursively as follows:

- ppre() is the scoped pre-graph with a single node labeled e as the root with z as the argument.
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Figure 13. Simplification of scoped pre-graphs

Figure 14. Example of simplification of mutually referring indirection nodes

- ppre(M N) is the union of the scoped pre-graphs ppre(M) and ppre(IN) with a new root labeled
@ whose arguments are the roots of ppre(M) and ppre(IV).

- ppre(Az.M) is the scoped pre-graph ppre(M) plus a new root node v labeled with A that has
the root of ppre(M) as it’s argument and with every argument z in ppre (M) replaced with a
back-pointer to v. The scope of the lambda-node v is the complete set of nodes of the generated
graph.

- pore((My | 21 = My,---,z, = M,)) is the union of the scoped pre-graphs ppre(Mp) up to
ppre(My,) with the root of pyre(Mp) as root and every argument z;, i = 1,---,n replaced by
the root of ppre(M;).

The pictorial equivalent of the above definition is given in Fig. 12, in which for simplicity we
denote ppre(M) by M. Note that in the case for a lambda-abstraction each labeled line z is trans-
formed into a back-pointer. Instead, in the case for a letrec expression the labeled lines z; - - - x,, are
transformed into pointers.

The mapping Sim transforms a scoped pre-graph into a scoped graph by removing all indirection
nodes or transforming them into black holes. This is accomplished by the three rewriting rules
described in Fig. 13. The first rule transforms an indirection node that has itself as argument into a
black hole simply by forgetting the argument. The second rule replaces all pointers to an indirection
node v, that points to a different node w, by copies of the (back-)pointer from v to w and then
removes v. The last rule removes an indirection node v that has a free variable x as argument and
changes every pointer to v to a line labeled z. The result of the normal form of these operations
is well defined because we have local confluence and termination. The termination part is trivial.
Local confluence follows mostly from the fact that redexes are disjoint. To this general case there is
one exception. When two indirection nodes refer to each other, as in Fig. 14, then a redex may be
destroyed. However, the results of contracting the two redexes are isomorphic, so local confluence
holds.

We will refer to Sim(g) as the simplification of scoped pre-graph g. The mapping p from cyclic
terms to scoped graphs is then obtained by composing ppre and Sim.

DEFINITION 3.4. Given M € Ao. The scoped graph p(M) is Sim(ppre(M)).
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Figure 16. How simplification works with only variables

EXAMPLE 3.5. In Fig. 15 from left to right we have pyre((Az.z y | y = 2)), the result of contracting
one simplification redex and the result of contracting the remaining two simplification redexes. Note
how in the second step the node labeled e with z as an argument gets erased by giving the label 2
to the second argument of the application node. In Fig. 16 we show ppre of (z | 2 = ), (z | z = y),
(z |y =y) and (z | y = 2) and the rewriting sequences of those pre-graphs to their simplified form.
Considering the last graph note that the indirection node gets deleted. This implies that even if
in the graph the reference to a node is unique, the same is not necessarily true in the term. For
example, consider M = (z | = M\y.y,z = z). In p(M) the reference to the lambda is unique, in the
term it is not.

DEFINITION 3.6. Given M € Ao and a scoped graph g. Then M represents g if p(M) = g.

REMARK 3.7. Both ppe and p map many different cyclic terms to the same graph. For example,

(ryle=zy=2)Z@|z=2)(yly=2),

but
pore((z y |2 =2,y = 2)) = ppre((z | 2 = 2) (W [y = 2)) -
The ppre of both terms is the pre-graph on the left of Fig 17.
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Ppre makes more distinctions than p, e.g.,

Pore((T Y | T = 2,y = 2)) # ppre(22) but p({(x y [z = 2,y = 2)) = p(22) .

The ppre of term 2z is the middle pre-graph of Fig. 17. The p of the above three terms is the graph
on the right of Fig. 17.

Next, we define a sound and complete axiom system on cyclic terms which we call the represen-
tational system. All terms that are provably equal in the representational system map to the same
scoped graph, and all terms that map to the same scoped graph are provable equal.

4. Sound and complete axiomatization of scoped lambda-graphs

For all calculi developed in the paper, we assume the presence of the following axiom and inference
rules that make provable equality a congruence relation.

In giving the axioms we assume that no variable capture occurs, e.g., z(z | £ = z) is not equated to
(zz | z = 2).

DEFINITION 4.1. The representational calculus Ry is given by the following axioms:

Lift:
(M|DyN = (M N|D)
M (N |D) = (M N |D)
Empty box garbage collection:

(M) = M

Merge:

((M | D) [ D3) = (M | Dy, Ds)
(M |z=(N|D1),Ds) = (M |z=N,Di,D,)
Naming:

M = (z|z=M) 2 a new variable

Variable substitution:

(M |z=y,D) = (Mlz:=y]|Dz:=y]) z#y
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Figure 18. Pictorial description of R,

The first five axioms move the bindings around the term. The other two axioms deal with
indirection nodes. They abstract away from the names of the nodes.
We can now prove that R is sound with respect to scoped graphs.

THEOREM 4.2. Given M,N € Ao. If Ro - M = N then p(M) = p(N).

ProoF. When we construct ppre for every left and right-hand side of every axiom we conclude that
for the first five axioms the result is the same and for the last two the results simplify to the same
graph. See the pictorial description in Fig. 18, in which we have drawn dashed boxes to indicate
where the letrec constructs in the original term were. A dotted edge stands for zero or more references
to variables in a set of definitions. A question mark stands for either a variable or a pointer to a set
of definitions. [

4.1. A representational rewriting system

Among all possible representations of a graph, we would like to select a canonical one. To that end,
we characterize the provable equality of the representational calculus as a confluent and terminating
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rewriting systeer. We can then take as the canonical representation of a graph the unique normal
form of one of its representations.

We start by orienting the axioms from left to right. To guarantee termination we then impose
some restrictions on the naming axiom. These restrictions have to disallow reductions such as the
following ones:

z=(z|lz=)o>(w|lw=(|z=z) >
zo{yly=a) > (@) sz

We first replace the naming rule with the following two rules:

Az.M — (y|y=z.M)
MN — (x|z=M N) ,

that is, we only give names to lambda-abstractions and applications. Next, we only give names to
expressions that do not have a name already, which is when an expression is embedded inside zero
or more external parts of boxes and occurs at the top or as the direct subterm of a lambda or an
application. This is formalized by restricting the application of the above two rules to safe contexts.

DEFINITION 4.3. A safe context Cygage is defined as:

Cate = C'| CPa.C"]| C[C" M] | C[M C"]
' o|(C’ | D)

ExAmMPLE 4.4. Here are some examples of naming steps and the corresponding safe context:

MNP — (z|z=MN) P Ceate = OP
(xPlz=MN) - {yly=2zP)|lz=MN) Csqpe={0|z=MN)
Az Ay M |z=2) = dzl{u|u= y.M)|z=2) Cate =Az{0|2z=2x) .

The following naming steps are not allowed:

x—)(y|y=x) Csare =0
<MN|D> - <$|III=<MN|D)) Csare =0
Mlz=PQ) » (M|z=(yly=PQ) C=(M|z=0).

e

In the first two reductions we do not apply the proper naming rule. Instead, the context in the last
reduction is not safe.

DEFINITION 4.5. The representational rewriting system R is given by the following rewriting rules:

(M|D)y N - (M N |D)
M (N |D) - (M N | D)
M)y - M
((M | D1) | D2) — (M | Dy, D>)
(M |2z=(N|D1),D2) - (M |z=N,Ds,D5)
(M|z=y,D) - (Mlz:=y]|Dlz:=y]) zZy
Csate[\e.M] = Caate[(y | y = Az.M)] y a new variable
CsafelM N] = Caate[{y |y = M N)) y a new variable

Even though the naming rule is restricted, we still have that the provable equality of the repre-
sentational calculus is the same as the convertibility of the rewriting system.

T Also in the proof of completeness we will make use of the fact that the rewriting system is confluent and
terminating.
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PROPOSITION 4.6. Given M,N € Ao. Rg = M = N iff M <==> N.
0

Proor. Follows from the fact that if two terms are equal by applying the naming axiom in some
context then they have a common reduct. Formally, given a cyclic term M and a context C, there

exists an N such that
C[M]—»N and C[{z | x = M)]—-»N

for z not occurring in M. We prove this fact by cases on the context.

- C is a safe context. We can then write M as (---{(M' | Dy)---D,,), where M’ is either a variable,
an application or an abstraction. If M’ is not a variable then

Cl(--(M"| D1)---Dp)] = C[(--- (& | & = M) | D1) -+ Dy)]»C[(w | & = M", Dy, -, Dpy)]

and
Cllz|z=(--(M"|Dy)---Dp)]»C[{x |z =M',Dy,---,Dp)] .

If M' is a variable, say y, then if m = 0 we just apply variable substitution and empty box
removal. Otherwise,

Cl(---(y | D1) - Dm)]»C[{y | D1, -, Dp)]
and

Clle|z=1(--(y|D1)---Dm))]|»Clx |z =y, D1,---, D) = C[y | D1,---, Dm)]

- C is not a safe context. This means that we can write C' as
C'{P|y={(--(B|Di1)---Dn),D)] .
It then follows that
CIM]=C'(P |y =(--(M|D1)-Dn),D)]»C'[(P |y = M, D1, -, D, D)]

and

Clizlz=M)] = C'[(Ply=(--((z|z=M)][Di)---Dy),D)
— C'[(P|y==,x=M,Dy,---,Dy,D)]
- C'[(Ply:=a]|z= My :=a],Dily :===],---, Dply := z], Dy := z])] .

The last terms of the two reduction sequences are a-equivalent and therefore considered the
same.

O
LEMMA 4.7. Ry is confluent and terminating.

PRrROOF. Termination follows from Theorem 7.4. A simple check verifies that the system is locally
confluent. Confluence then follows from Newman’s lemma [Bar84]. U

REMARK 4.8. The set of representational normal forms, NF', is the subset of cyclic terms that match
the following specification:

NF == z|(z|D"
D' = EQ|EQD
EQ = z=z|z=yz|z=My.NF

The restricted form of these normal forms gives rise to the following observations:
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- The set of nodes of p(M), for M in normal form, can be taken as the set of recursion variables,
because every application, lambda and black hole has exactly one name.

- Given an equation z = Ay.M the scope of x is precisely the set of recursion variables defined by
the equation or any equation nested inside it. For example, given ¢ = A\y.(z | z = y y) we have
that S(z) = {=, z}.

In Section 8, we discuss an alternative rewriting system obtained by orienting the naming axiom
from right to left.

4.2. Completeness

To show that the representational calculus contains sufficient axioms to equate all distinct represen-
tations of the same scoped graph, we introduce a mapping that associates a cyclic term to a scoped
pre-graph:

pre : scoped pre-graphs — Ao .

This mapping is based on the scheme of translating every node to an equation (z = z for a
black hole, z = y for an indirection node, x = y z for an application node and z = Ay.(z | D)
for a lambda-node) and placing these equations in such a way that every equation gets placed in a
subterm of a lambda-abstraction corresponding to node v iff the equation came from a node in the
scope of v except v itself.

DEFINITION 4.9. Given a scoped pre-graph g = (V, L, A, S,r) we construct the cyclic term ¢pre(g)
as follows: Let x, be a variable for every node v € V and y, be a variable for every lambda-node
v € V such that they are all pairwise distinct. For every argument a we define N, by distinguishing
cases for a:

- a is a pointer to v: N, is x,

- a is a back-pointer to v: N, is y,

- a is the variable x: N, is x
The term M, is given by cases on the label of v.

- L(v) = &: M, is z, if A(v) = € and M, is N4, otherwise

- L(v) = A My is Ao (N a() | Dsw)\{o})

- L(v) = @: M, is Na(y), Na(
The set of equations Dy, for a set of node W, is given by

Dw ={2w =My, |weW,Vpe W :we S({p) =>w=p} .

Ypre(g) is then defined as (N, | Dy).

v)2

In the above definition the restriction imposed on Dy, i.e., Yw,p € W, if w € S(p) then w = p,
guarantees that equations are put in the right list of declarations. For example, consider the right
graph of Fig. 7. Let v1 and vy be the left and right lambda-nodes, and vs,v4,vs be the top left, top
right and bottom application nodes, respectively. Then,

Dy vs,0a,05) = 123 = 1125, T2 = Mya(T4 | T4 = T5y2),T5 = 22} .

The mappings ppre and e do not satisfy either g = ppre(pre(9)) or M = ¢pre(ppre(M)). For
example, given M = xz, Ypre(ppre(M)) is

(x1 | 21 = 22 T3, =z, 23 = ) .

And, given g as ppre(z) (see the graph on the left of Fig. 19), ppre(¥pre(g)) is the graph h on the
right of Fig. 19. We do however have the following:
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Figure 19. The result of applying 1pre and then ppre

PROPOSITION 4.10. Given a scoped pre-graph g = (V,L, A, S,r). Then ppre(tpre(g)) simplifies to g.

PrOOF. We map the graph g to a term M by 1), and then map this term M to a graph h, by pyre.
We have to show that by applying simplification rules we can transform h into g. To show that this
is possible we investigate the effects of e and ppre- The function 9, maps nodes to equations
and ppre maps symbols to nodes. Since ppre has a recursive definition and always produces a graph
with a node as the root we can assume that for every equation z, = M, the root of the graph of
M, is the node n,,. We will show that it is possible to simplify h to a graph that contains only the
nodes {n,, | v € V} and such that v — n,, is an isomorphism.

We will show this by considering every node v € V.. We will not distinguish between normal and
back pointers explicitly. A simple analysis shows that this tagging of pointers is preserved. There
are four cases for v:

- If v is a black hole it gets mapped to the equation z, = x,. The x, in the right-hand side gets
mapped to an indirection node n,,, that refers to itself. We may simplify this to n,, being a
black hole.

- If v is an indirection node referring to w then it gets mapped to an equation z, = z,,. The
symbol z,, gets mapped to the indirection node n,, referring to the node n,, . No simplification
is necessary.

- If v is an application node with arguments v; and vy then v gets mapped to an equation
Ty = Xy, Ty,. Lhe application gets mapped to the node n,, , the symbols z,, and z,, get
mapped to indirection nodes referring to n,, and n.,,, respectively. These indirection nodes
are the arguments of n,, and this situation simplifies to n,, having n,, and n,, as its
arguments directly.

- If v is a lambda node with argument w then it gets mapped to the equation x, = Ayy.(Tw |
Dg()\{v})- The lambda gets mapped to the lambda node n,,, with the image of the z,, as
its argument. The z,, gets mapped to an indirection node referring to n,,. This simplifies to
ng, having n,  as its argument directly. All nodes in the scope of v get mapped to equations
nested in the equation for v, which in turn get mapped to nodes in the scope of n,, .

An important corollary from this proposition is that every scoped graph can be represented.
COROLLARY 4.11. Given a scoped graph g. Then pe(g) represents g.
It is then sensible to define:

DEFINITION 4.12. The canonical representation of a scoped pre-graph g is the normal form of ¢pre (g)
with respect to Ry’.
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Note that the only case in which the representation of a scoped graph is not in normal form is
when there is a lambda-node that has no nodes in the scope except itself, since the term associated
to such a node will be of the form Ay.(z |) which must be rewritten to A\y.z.

LeEMMA 4.13. Given M € Ao. If M is in normal form with respect to Ry then Ro F M =
Ypre(Ppre(M)).

PRrROOF. By structural induction on M. According to Remark 4.8 we have the following two cases:

- M is a variable z. Then ¥pre(ppre(z)) = (21 | 21 = z), which by application of the variable
substitution and empty box garbage collection rules reduces to x.

- M is {(z | D"). By cases on the type of equation in D":
z = z. This equation gets mapped to an indirection node having itself as argument. This gets

mapped back to x = .

z = yz. In the pre-graph this corresponds to an application node labeled with z and two
indirection nodes pointing to y and z, respectively. When we translate back we get x =
Ty To,T1 = Y,Ty = z. Which reduces to x = y z with two applications of variable
substitution.

z = Ay.N, where N is in normal form. Follows from the induction hypothesis.

O
LEMMA 4.14. Given a scoped pre-graph g. Then Ro F Ypre(9) = ¢pre(Sim(g)).

Proor. From Fig. 13 it is clear that the application of the first rule does not change 1pre, and the
application of the last two rules corresponds to the variable substitution axiom. [

We can now prove that Ro is complete with respect to scoped graphs.
THEOREM 4.15. Given M,N € Ao. If p(M) = p(N) then Ro - M = N.

PROOF. This follows trivially from the claim that if M is a representation of the scoped graph g
then Ro b M = ¢pre(g).

To prove the claim let M’ be the normal form of M with respect to Ry’. Obviously Rg F M = M.
From the soundness of Ry (Theorem 4.2) we know that M’ represents g and therefore that the
simplification of ppre(M') is g. From Lemma 4.13 we know that Ro - M’ = 9)pre(ppre(M')). Applying
Lemma 4.14 we then have Rg F ¢pre(ppre(M')) = ¢pre(9) and so:

Rob-M=M = ¢pre(ppre(Ml)) = ¢pre(g) .
O

COROLLARY 4.16. Given a scoped graph g. The canonical representation of g is the normal form of
any representation of g.

PROOF. Since Rg is complete (Theorem 4.15) we know that every two representations, say M and
N, are provably equal. By Proposition 4.6, M and N are convertible with respect to Rgy’. Since the
rewriting system is confluent and terminating (Lemma 4.7) it follows that M and N have the same
normal form. This unique normal form is precisely the canonical representation of graph g. O

This corollary implies that the set of scoped graphs and the set of Rg’-normal forms are isomor-
phic.
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5. Complete axiomatization of well-formed lambda-graphs

We have now established how scoped graphs are represented by cyclic terms. Since a well-formed
cyclic graph can have different scoped graphs associated with it, our next goal is to find axioms that
equate the representations of these alternatively scoped graphs.

DEFINITION 5.1. A scoped graph h is an alternatively scoped version of a graph g = (V, L, A, S, )
(written as h ~ g) it h = (V,L, A, 5", r).

For example, the first two graphs of Fig. 7 are alternatively scoped versions of the same graph
(i.e., the fourth graph of Fig. 5). These two graphs are represented by the following terms:

(@z=My(w|w=wy)w =22) ,

and
(@ 2= My.(w | w = wiy,wy = 22)) .

To equate the above two terms we extend the representational calculus with the following lambda
lift axiom:
Ax.{M | D) = {(Az.M | D) =z not freein D .

We then have:

(]|z=Mlw | w=wy),ws =22) = (z]|z={Ny(w|w=wy)w = 2z)) internal merge
= (z]|z=M.((w|w=wy)|lws = 2z)) lambda lift
= (z]|z=M.(w|w=wy,w; =22)) external merge

However, on graphs with garbage, the lambda lift axiom is not necessarily powerful enough.
Consider the following two terms (displayed in Fig. 11),

(2| w0 = Ayo(x | 1 = dy1-(y | 22 = yo v1))) and (2 | 21 = M1y | ©0 = Ayo (= | T2 = yo ¥1))) -

It is impossible to prove these terms equal using the lambda lift axiom because that would require
lifting the inner lambda out of the scope of the outer lambda, which is impossible because of the
garbage application node which has to be inside the scopes of both lambda’s. Restricted to garbage
free graphs Ry combined with the lambda lift axiom is sound and complete for alternatively scoped
graphs, that is for scoped graphs that have a unique minimal scope function. We leave the problem
of finding a sound and complete axiom system for all graphs with garbage open. Instead, we study
graphs up to alternative scoping and garbage collection. Thus, we introduce the operation of garbage
collection which removes nodes that are not reachable from the root. We denote the restriction of
function L to the set V by L 1.

DEFINITION 5.2. Given a scoped graph g = (V,L, A, S,r) and a subgraph W of g such that (i)
r ¢ W, (ii) for every node v that has a node in W as argument, v € W, (iii) for every lambda-node
veW, S(v) C W. Then, the result of garbage collecting W from g is defined as:

gC(g, W) = (V \ W7L TV\W:A Tv\W,S’,T') ’
where S'(v) = S(v) N (V \ W) for every lambda-node v € V'\ W.

For example, in Fig. 20 we have that for every 1 < i < j < 4 there exists a set W such that
gc(gi, W) = g;. Notation: if the set W represents all nodes not reachable from the root then we let
ge(g) = ge(g, W). Referring back to Fig. 20 we have that ge(g;) = 94,7 = 1,2, 3.

Garbage collection is axiomatized by the following axiom:

(M |Dy=M D1M,
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Figure 21. Pictorial description of the lambda lift axiom

where D 1 M means that the set of variables that occur as the left-hand side of an equation in
D does not intersect with the set of free variables of M. We will also adopt the notation D 1 D',
where D' is 1 = My,---,2, = M,, which stands for D 1 M;,1<i<n.

THEOREM 5.3. Given M, N ¢ Ao.

(i) If M = N by the lambda lift axiom then p(M) ~ p(N).
(ii) If M = N by the garbage collection axiom then there exists a set W such that gc(p(M), W) =
p(N).

Proor. Follows trivially from the pictorial descriptions of the new axioms given in Fig. 21 and 22,
respectively. The dashed boxes indicate the presence of letrec constructs. [

We call R; the representational calculus extended with the lambda lift and garbage collection
axioms. Its effects on the represented graphs can be stated as follows:

PROPOSITION 5.4. Given M,N € Ao. If R, - M = N then gc(p(M)) ~ ge(p(N)).

ProOOF. We know that ~ is an equivalence relation. Hence the result follows from proving that the
result holds for a single application of each axiom. This single axiom can be

R !
‘M D M

Figure 22. Pictorial description of the garbage collection axiom
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- An axiom from Ry: By Theorem 4.2 we have that p(M) = p(N).

- The lambda lift axiom: By Theorem 5.3(i) we have that p(M) ~ p(N). It is then not hard to
see that ge(p(M)) ~ ge(p(N)).-

- The garbage collection axiom: By Theorem 5.3(ii) we know that there exists a set W such that
ge(p(M), W) = p(N). It is then obvious that gc(p(M)) = ge(p(N)).

O

In order to show completeness of R, we first study the associated rewriting system Ri”, which
is obtained by extending Rg* with a rule for the lambda lift axiom and one for garbage collection.
The rewriting rule associated with the lambda lift axiom is:

Az{M | D1,Ds) = (Ax.(M | D1) | D2) Dy L Ds,z not free in Dy and Dy # { } . (5.1)

We need to introduce this more general rule to guarantee confluence of Ry”. By just orienting the
lambda lift axiom from left to right we would not be able to close the following diagram:

A(yly=za)|z=2)—= Az (yly=22)|2=2)

|

Az ly |y =2z z,2 =2)

With the rule given in 5.1 we can rewrite the bottom left term to the top right term. Rule 5.1 is a
combination of the external merge axiom and the lambda lift axiom:

For the same reason, we introduce a more general form of the garbage collection rule, which allows
us to remove subsets of equations:

<M‘D1,D2>—)<M|D1> D2L<M\D1)andD27é{}.
Obviously, the provable equality relation of R; is the same as the convertibility relation of Ri”.
PROPOSITION 5.5. Ri” is confluent and terminating.

PROOF. Termination is proven in Theorem 7.4. Confluence then follows from local confluence and
Newman’s lemma. [

We can now prove that the axiomatization of garbage collection is complete and that Rq is
complete with respect to well-formed graphs.

THEOREM 5.6. Given M, N € Ao.
(i) If ge(p(M)) = ge(p(N)) then RoUgek M = N.
(if) If p(M) ~ p(N) then Ry F M = N.

PRroOOF.

(i) By a simple induction on the nesting of scopes one can prove that for every cyclic term P we
have that Ro U gc F Ypre(P(P)) = Ypre(ge(p(P))). So we have that Ro U gc F Ypre(p(M)) =
Ypre(p(N)). By Corollary 4.11 and Theorem 4.15 we may conclude that Ro Ugc - M = N.
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(ii) Let M; and N; be representations of gc(p(M)) and ge(p(IN)), respectively. By the previous
point we can prove M = M; and N = N;. We still have that p(M1) ~ p(Ny). Let My and
N> be the R normal forms of M; and Ny, respectively. It is easy to prove that M, and N»
are minimally scoped. Because by Proposition 2.7 the minimally scoped graph is unique M,
and N, must represent the same graph. Because M and N, are also Ry -normal forms by
Corollary 4.16 we have that Ms = No.

Next, we study the relationship between garbage collection on graphs and garbage collection on
the representation. We know that if M — N then there exists a set W such that ge(p(M), W) =

p(N). The other direction is more subtle. A simple induction on the structure of M shows that if M
represents a scoped graph g then the garbage collection normal form of M represents gc(g). However,
if gc(g, W) is well defined for some set W then it does not imply that we can find a term N such that
N represents gc(g, W) and M —»N. For example, in the graph p{z|u=1z (x| w=uyy))) wecan

garbage collect z z. In the term we first have to rewrite by lift and merge to (z | u =z z,w =y y),
before we can garbage collect. The problem is that other garbage nodes are caught inside the garbage
we want to remove. We can always free this garbage using lift and merge:

THEOREM 5.7. Given a scoped graph g and a subgraph W of g that we can garbage collect. If M
represents g then there exists N, MW»N and N represents gc(g, W).

ProoF. We first rewrite M to its Ry’ normal from M'. A simple structural induction on M’ then
shows that we may rewrite M’ using only the garbage collection rule to a term N representing
ge(g, W). O

6. Sound and complete axiomatization of tree unwinding

We now want to prove equal every two representations of graphs with the same tree unwinding.
Since these unwindings are in general infinite, in this section we assume that all graphs are possibly
infinite, except when stated otherwise. When we say a graph can be represented it is implied that
that graph is finite, since only finite graphs can be represented. A tree is a lambda-graph where every
node is referenced by a normal pointer exactly once. So there is one pointer to every lambda-node
and zero or more back-pointers. As usual the set of nodes of the tree unwinding is defined as the
set of all paths starting at the root. Usually these paths are represented by strings of integers. Here,
for convenience, we use a more verbose representation which keeps track of the nodes visited. For
example, consider the following graph g (depicted on the left of Fig. 23):

( {U17U27U3}7 (61)
{U1 = @,’U2 = )\,U3 = @},
{v1 = vy V2,2 = V3, U3 = T3 T3},
U1

) .
The nodes of the unwinding of g (see the graph on the right of Fig. 23) are
{v1, v11vs,v1 1v91vs, V1202, v1 202 1u3}
instead of {¢,1,11,2,21}.

DEFINITION 6.1. The unwinding of a graph g = (V, L, A,r) is a tree gy = (Vu, Lu, Au,T4):
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Figure 23. The unwinding of an acyclic graph

-Vu={r|reViu{pviw]|pveV,,A(w); =w,w eV}

- Ly(p v) = L(v).

pvnw,if A(w), =w

- Aylpv)p =4 prw ,if A(v), =@ and p = p1 w p2 where w does not occur in py
x ,if A(w)p, =z

- Ty =T

Note that the unwinding of a graph only depends on the accessible part, as in the first order
case.

EXAMPLE 6.2. The unwinding of graph g given in equation 6.1 and displayed in Fig. 23 is given
below.

Vo = {v1,v1lvs,v11va1lvs,v1202,v1 202103}
L, = {’1)1 = @,1)111}2 = /\,1)111)211}3 = @,U12’1)2 = )\,’U12’U21’U3 = @}
Au = { v = vilog 1}121)2,
vilvg = 1}111)211}3,
vilvslos = vilvy vilvg,
11202 B V1209 ].Ug,
v12vlus = 01209 V1209

}

Ty = V1 .

The R, representational calculus is sound with respect to tree unwinding. To guarantee com-
pleteness we need another axiom, as was already pointed out in [AK94] for the first-order case. This
axiom is the copy axiom, defined as:

M = N Jo6:V>V,N° =M ,

where ¢ is a function from recursion variables to recursion variables, and N7 is the term obtained by
replacing all occurrences of recursion variables z by o(x) (leaving the free variables of N unchanged),
followed by a reduction to normal form with the unification rule:

r=M,z=M-—>z=M . (6.2)

ExaMPLE 6.3. The following equality is an example of the copy axiom:

(y|y = rw,w=Azy)={(y |y =z, w' =Xz.y,y = Azw') ,
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where the mapping o is: w' = w, y — y and y' — y. In this case, N7 is
(y |y = w,w= Ay, y=Azw) ,
which reduces to {y | y = Az.w, w = Az.y) by application of rule 6.2.

We let R2 denote R4 extended with the copy axiom. We denote by e the rewriting rule obtained
by reading the copy axiom from left to right.

In order to ease the relation between terms and possibly infinite trees we introduce next the
notion of homomorphism on scoped graphs.

6.1. Homomorphisms

A homomorphism between two scoped graphs (Vi, Ly, A1, S1,r1) and (Va, La, Aa, Sa,72) is a function
f from V; to V5. We extend the application of function f to sets in the standard way. The extension
to arguments is given by Vx € V : f(z) = x and Yv € V : f(¥) = f(v). The extension of function f
to strings of arguments is again the standard (point-wise) extension. Among the natural conditions
for a homomorphism f are:

Yve Vi : Li(v) = La(f(v))
Yo e V1@ f(A1(v)) = A2(f(v))
and
flry) =ry .
The last condition indicates that we are interested in a rooted homomorphism. For first-order graphs
these conditions are sufficient to guarantee that two homomorphic graphs have the same tree un-

winding. The presence of bound variables makes the matter more complicated, as shown next.
Consider the graphs of Fig. 24. They are represented by the following terms:

My = (nat|nat = Az.cons (nat' (S z)) z,nat’ = Az.cons (nat (S z)) z)
Ms; = (nat|nat = Az.cons (nat (S z)) z)
Ms = (nat]|nat = Az.{cons (nat’ (S z)) z | nat’' = Ay.cons (nat' (S z)) y)) .

According to the conditions for a homomorphism stated so far, there exist homomorphisms from
both the left and right graph to the graph in the middle. However, while the first two graphs have
the same tree unwinding, this is not so for the middle and right graph. This entails the introduction
of another condition. Before stating this condition we introduce the belongs to relation.

DEFINITION 6.4. A node v belongs to a lambda-node w if
(i) v#w,
(i) v e S(w),
(iii) for every u such that v € S(u) we have that S(w) C S(u).

If a node does not belong to any lambda-node we say that it belongs to a special symbol called root.

For example, referring to the right graph of Fig. 24, we have that the lower lambda-node belongs to
the lambda-node on the top, which in turn belongs to the root.

REMARK 6.5. In addition to the observations made in Remark 4.8, we also note that if the Ro-
normal form of a term M is of the form

<$1|$1=M1,---,.T"=Mn>

then exactly z1,---,z, are the nodes belonging to the root. And if M contains an equation of the
form z = Ay.(z1 | 21 = M1,- -+, 2, = My,) then exactly 21, - - -, 2z, are the nodes belonging to z. There
is no other way a node can belong to some other node (or to the root).
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Figure 24. Why restricting the scope function is not enough
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Figure 25. Homomorphism and garbage

We can now state our next requirement for a homomorphism f as follows:
- Yv € V4 : If v belongs to w then f(v) belongs to f(w).

Because a node may belong to the root we define f(root) = root. Referring back to Fig. 24, this new
condition disallows the graph on the right to be homomorphic to the middle graph, since if we call
vy and vy the upper and lower lambda-nodes, respectively, then we have: vy belongs to v1 but f(v2)
belongs to root which is different from f(vy).

If we only consider garbage free graphs then the notion of a homomorphism corresponds to
copying the corresponding canonical representations. This is not so for graphs with garbage, as it
can be shown by considering Fig. 25. This figure contains two examples. In both cases the dashed
arrows define a function which satisfies all conditions for homomorphisms, stated so far. However,
the corresponding terms are not in the copying relation. In the left example the left graph is not a
copy of the right graph, because the garbage node gets deleted. The same holds for the right example
in a more subtle way: if there is garbage in a scope then this garbage is present in all copies.



Lambda Calculi plus Letrec 31

To maintain the correspondence between a homomorphism on graphs and copying on terms we
impose the following conditions:

YveVy: L(v) = A= f(S1(v)) = Sa(f(v))
f)=vz .

We summarize the discussion so far with the following definition.

DEFINITION 6.6. Given two scoped graphs (Vi,L;, A;,S1,7m1) and (Va, Ly, Ay, So,r2). A function
f: V1 = V5 is a homomorphism if:

- fh) =V,

- Vv e Vi Ly(v) = La(f(v))

- Yue Vi f(AL(v) = Ay (f(v)

-WweVy: L) = A= f(S1(v) = S2(f(v))

- f(r) =mr2

- Vv eV : If v belongs to w then f(v) belongs to f(w)

The following common properties of homomorphisms hold:

PROPOSITION 6.7.

(i) Given scoped graphs g,h. If f : g — h is a homomorphism then f : gc(g) — ge(h) is also a
homomorphism.

(ii) Given scoped graphs g1,92,93. If f1 : g1 = g2 and fa : ga — g3 are homomorphisms then
fa0 f1:91 — g3 is also a homomorphism.

Proor. Trivial. O

In the proofs of soundness and completeness we establish a homomorphism from the unwinding
to the original graph. This can only be done if the unwinding has a scope function. The scope
function we need is given by:

DEFINITION 6.8. Given a scoped graph g = (V, L, A, S,r). The scoped unwinding g3 of g is the
unwinding g,, extended with the scope function:

Spv)={pviU{pvi Alw); |pwe Sl v),A(w); € S(v) \ v} .

In Fig. 26 we have drawn a cyclic graph and its scoped unwinding. Note that the scopes of the
lambda-nodes are not nested.

LEMMA 6.9. Given a scoped graph g and the scoped unwinding g3 of g. The function f :p v — v
defines a homomorphism from g5 to gc(g).

ProoF. All conditions except the condition on belonging to are trivial. Suppose p; v belongs to
p2 w. Then by definition of belongs to we know that p; v € S(p2 w)\ {p2 w}. This implies that there
is a path from p; v to p2 w that does not include any lambda-nodes. In turn this implies that there
is a path from w to v without including any lambda-nodes. Let us assume v does not belong to w.
This means there exists a w' such that v € S(w') \ {w'} and w' € S(w) \ {w}, which contradicts
Proposition 2.6, since there is a path in gc(g) to v that does not go through the corresponding
lambda-node. O
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Figure 26. The unwinding of a cyclic graph

6.2. Soundness

Soundness with respect to tree unwinding depends on two lemmas. The first relates copying to a
homomorphism and the second relates a homomorphism to unwinding,.

LEMMA 6.10. Given M, N € Ao. If M -5 N then there exists a homomorphism

£ p(N) = p(M) .

PRrROOF. By definition of copy we know there exists a variable mapping ¢ such that N7 = M. We
reason by cases.

- M is in normal form with respect to R;’. This means that N must also be in normal form. Let
us assume M is not a variable, then by Remark 4.8 the sets of nodes of p(M) and p(N) can be
taken as the sets of variables that occur on the left-hand sides of equations. If we do so then
the restriction of ¢ to the set of variables occurring on the left-hand side of an equation in N
is a homomorphism between p(N) and p(M), which can be easily verified.

- M is not in normal form with respect to Rgy”. This means that /N cannot be in normal form either.
To reduce this case to the previous one we are going to prove that the following diagram holds:

M —g— 1 (6.3)
¥ ¥
P--5->Q

where the vertical arrows denote a reduction to normal form with respect to Ry”*. We then have
a homomorphism f : p(Q) — p(P), which of course is also a homomorphism f : p(N) — p(M),
as required.
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To show diagram 6.3 we take a closer look at the computation of N?. This computation is of
the form

N — Ny—»N7
where the first step is the syntactic substitution and the other steps are the reduction to normal
form with respect to unification rule (see equation 6.2). Note that if a representational rule is
applicable in N then it is also applicable in N7 and vice versa.

We obtain diagram 6.3 by showing the existence of diagrams of the form:

unif
|—>'7 A (6.4)
| | |
- — > — —>
o unif

where in the vertical direction we have one or more steps in the representational rewriting
system Ry”.

We now reason by cases.

- A lift, empty box garbage collection, merge rule is applicable. We take the following steps:

- We take a reduction to normal form with respect to the lift, empty box and merge
rules. Since these redexes do not depend on the names of variables, we can easily fill
in the left square of diagram 6.4.

- We then proceed by tiling the right square. To make the tiling process work, we use
lift, empty box and merge steps in the vertical direction and lift, empty box, merge
and unification steps in the horizontal direction. We have only the following two non-
trivial diagrams with a rewriting step other than a unification step in the horizontal
direction. We have the generic pattern:

Il]':M,IL':M unif z M

|

z=M,z=M-->z=M,z=M-—>z=M

unif

e

and the specific critical pair:

z=(M|D),z=(M|D) unt z=(M | D)
|

| |

\i
r=M,D,x = (M|D)777>m=M,D,a::M,Di;li?»x:M,D

If we start from a term in normal form with respect to the lift, empty box and merge
rules then the bottom reduction will have only unification steps, since a unification
step can only create new unification redexes. Termination of the tiling process follows
simply from the fact that the rewriting system containing lift, empty box, merge and
unification is terminating.

- The naming rule is applicable. We will prove a special case of diagram 6.4:

l o l unif (65)
| | l
Y
— — > — —>
4 unif

We work from right to left this time. The steps are:
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- We can complete the right square by tiling. There is only one non-trivial elementary

diagram:
z = C[M],z = C[M] unif z = C[M)]
I
A
z=C[{yly =IM)],w = C[M]
|
A
z=Cyly=M),z=Cly|y=M)]- —>z=C[{y|y=M)]

Note that the new name is the same in every naming step. This is necessary to be
able to do the unification step on the bottom. Thus we close the right square.

- The left square has n naming steps on the right. All of these steps use the same
variable. To get a legal sequence on the left we must choose n new variables, extend

the variable mapping by mapping each of the new variables to the variable used in
the naming redexes.

- The variable substitution rule is applicable. We prove the diagram 6.4 as in the previous
case, again working from right to left.

- First we tile the right square. The non-trivial tiles needed are:

unif
s=Maz=Ms - p

I
I
A

r=M,x =M
|
|
A
z=M z=M-=>gz =M

unif
and

unif

M|z=y,z2=y,D) ——> (M |z =y, D)

(Mz:=y]|Dz:=y]) = (M[z:=y]|D[z:=y])

Remember that y[z := y] = y and for every term P we have Pz := y|[z := y] =
Plz :=y].

- To fill in the left square we again use a tiling argument with the following diagram:
(M|z=y,D) —————= (M’ |2” =y°,D°)

i l

(M[z = y] | Dl := y]) - - > (M7 [e” = y°] | D"[a” := y°])
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Figure 27. Two scoped graphs without an intermediate graph

LEMMA 6.11. Given two scoped graphs g and h and a homomorphism f : g — h. Then g, = h,,.

ProOF. By Proposition 6.7(i) we can assume g and h are garbage free. By Lemma 6.9, we have
homomorphisms f; : g5 — g and fo : hS — h. By Proposition 6.7(ii) fo fi : g5 — his a
homomorphism. It is then easy to show that g, = h,. O

We can now prove that Rs is sound with respect to tree unwinding.

THEOREM 6.12. Given M, N € Ao, representing graphs g and h, respectively. If Ro - M = N then
Ju = hy.

PROOF. The soundness of all axioms except copying is trivial. The soundness of copying follows
from Lemma 6.10 and Lemma, 6.11. O

6.3. Completeness

The proof of completeness uses almost the same strategy as the proof for the first-order case given
in [AK96]. There, given two graphs ¢g; and g, with the same tree unwinding an intermediate finite
graph h is constructed such that there exist homomorphisms from h to ¢g; and gs, respectively. It is
then proven that if there exists a homomorphism from one graph to another, these two graphs are
provably equal. Because our notion of homomorphism preserves scope information and garbage it is
in general impossible to find such an intermediate graph for scoped lambda-graphs. Take the graphs
g1 and go displayed in Fig. 27. Assume there is a homomorphism from a certain graph h to both g,
and g»>. Then h must have two nodes [ and a, respectively, such that I maps to the lambda-nodes
and the argument a of [ maps to the application nodes. From the condition on belongs to, it then
follows that a belongs to the root and that a belongs to [. Contradiction.

However, given scoped lambda-graphs g; and g» we are able to find a pair of intermediate finite
graphs (g1, g4), differing only by their scope information, such that there exist homomorphisms from
g1 to gc(g1) and from g4 to ge(ge) (Lemma 6.13). The two graphs in the figure are an intermediate
pair themselves, with the identity as homomorphisms to themselves. We then prove that if there
exists a homomorphism from one graph to another then any two representations of those graphs are
provably equal (Lemmas 6.9 and 6.14). Completeness then follows from the fact that we can prove
graphs that differ by garbage and scope information equal.

Given two scoped graphs ¢g; and g2, we can take as intermediate graphs the corresponding tree
unwindings. Unfortunately the provable equality for homomorphisms only works for finite graphs
(just as in the first-order case) and the unwinding is in general infinite. Thus, we prove next that if
there exists a pair of possibly infinite intermediate graphs there also exists a pair of finite intermediate
graphs:

LEMMA 6.13. Given finite scoped graphs g1, g2, possibly infinite scoped graphs hy, hy with hy ~ ho,
and homomorphisms f1 : hy — g1 and f2 : hy — go. Then there exist two finite scoped graphs h', h)
with hy ~ h%, and homomorphisms f{ : by — g1 and f5: hl — gs.
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PRroOOF. Define the scoped graph g; x g2 by

Vx = {(fi(v), f2(v)) | v € Vi, }
Ly ((v1,v2)) = Ly, (n1)
Ax((v1,v2)) = (Ag, (v1), Ag, (v2))
Sx((fi(v), f2(v))) = {(fi(w), f2(w)) | w € Sp, (v)}
T'x = (Tgurgz)

The function 7 : (z,y) — x defines a homomorphism from g; X g to g; and from g5 X g; to go. All
conditions are straight from the definition except belonging to. If a node (f1(w), f2(w)) belongs to a
node (f1(v), f2(v)) then w must belong to v and by the fact that f is a homomorphism f; (w) must
belong to f1(v).

We also have that g; X go ~ g2 x g1. O

LEMMA 6.14. Given scoped graphs g,h and a homomorphism f : g — h. If M and N represent g
and h, respectively, then Ro - M = N.

PROOF. Since we can prove equal any two representations of the same scoped graph (Theorem 4.15),
it follows that we only need to show there exist two representations of g and A that we can prove
equal. The two representations we choose are ¥pre(g) and ¥pre(h). We prove them equal by showing
there exists a variable mapping oy such that ¥pre(9)7f = ¢pre(h). We define:

07 (Ty) = Tf() >

where z, is the variable associated to node v in the construction of 1,re(g) (see Definition 5.1). We
can safely assume that the set of variables bound by lambda’s in tpre(9) and 9pre(h) are disjoint
from the set of free variables and recursion variables. Since the scopes of distinct lambda-nodes that
map to the same lambda-node are disjoint (due to the belong to condition of homomorphism) we
can safely assume

Yo =Yfw) -

Before we prove ¥pre(9)?f = tpre(h) we first prove two claims. The first claim is that for every
argument a we have Ny’ = N #(a)- We prove this claim by cases on a:
- free variable z: We have f(z) = z.
- pointer v: We have N3’ = 23/ = z4(,) = Ny(q)-
- back-pointer T: We have N/ = yo’ =yy = ys(s) = Ny(a)-
The second claim is that for every argument a and every set of nodes W C V,, we have:

(Na | Dw)?* = (Ny(a) | Dyow)) -
We prove this second claim by structural induction. By the first claim we have Ng/ = N #(a)- Let
W ={weW |VpeW :weS(p) =w=p}

and
"={we fW)|VpeW:weS(p) =>w=p} .

We can derive from the fact that f preserves the belongs to relation that f(W’') = W". We also
have that
Dy} ={z% = My Ywewr and Dywy = {zw = My fwewr -

All we need to show now is that (z%/ = My') = (T5w) = Mj(u)). For the left-hand sides this is
trivial, for the right-hand sides we need to do a case analysis on the type of w (which is also the
type of f(w) because f is a homomorphism):
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- black hole. The right-hand side is the same as the left-hand side for both equations.
- application node. We have that
My = Nyl Nalw), ad Miw) = Nagw))n) Nagw)) -

Because f is a homomorphism we have for ¢ = 1,2 that A(f(w)); = f(A(w);). By the first
claim it then follows that My’ = My (y).

- lambda-node. We have that

My" = M ANaw) | Dsw)\fwr)”? and M) = Xy pw) AN ) | Ds(ra\irw)) -

Because f is a homomorphism we have A(f(w)) = f(A(w)) and f(S(w) \ {w}) = S(f(w)) \
{f(w)}. So by induction hypothesis we have that

(Na(w) | Dsn{wh)’ = (Nagtw) | Ds(rmif)) -
By assumption y,, = yy () S0 also M7 = My (y).

This completes the proof of the second claim.
Since f is a homomorphism we have f(ry) =ry, and f(V,) = V. By those facts and the previous
claim we have:

Ypre(9)°7 = (Nry | Dv,)?" = (Ny(ry) | Dy(v,)) = (Nr, | Dviy) = tpre(h) -

Given a well-formed graph g = (V,L, A,r) we say that M is a representation of g if p(M) =
(V,L,A,S,r). We can now prove that R is complete with respect to tree unwinding.

THEOREM 6.15. Given graphs g and h with the same tree unwinding. If M and N represent g and
h, respectively, then Ro - M = N.

ProOOF. Let g; and hy be p(M) and p(NN), respectively. Since g and h have the same tree unwinding
it follows that g1 5 ~ hq}. From Lemmas 6.9 and 6.13 it follows there also exists a pair of finite graphs
g4 and h} homomorphic to gc(g;) and ge(hy), respectively. The result then follows from Lemma 6.14
and Theorem 5.6.

We summarize this proof in the following diagram:

g1y hiy,
6.9 lhom 6.13 homl 6.9
B—zeclg) =—g = h——=gclh)<—Mh

‘ hom hom gc ‘

M 563G ? 614 ?56(3)? 614 ? 563G N

The numbers at the top refer to the statement used to prove the squares they are in and the numbers
in the bottom row refer to the statement used to prove the terms to the left and right of them equal.
O
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(M|D) N = (M N |D)
M (N |D) = (M N |D)
(M) = M
((M | D1) | D2) = (M | Dy, Ds)
<M|£L':<N|D1),D2) = <M‘.’L'—ND1,D2)
M = {(z|z=M) x a new variable
Ro (M|z=y,D) = <M[x—y]|D[ =y)) z#y
(M| D) = DLM
R1 M. (M | D) = ()\x.M|D) z not free in D
Ra M = N Jo:V->V,N° =M

Table 1. Sound and complete axiomatization of tree unwinding

(M|DyN — (M N |D)
M (N |D) - (M N|D)
M) - M
((M | Dy) [ Dy) — (M | Dy, Ds)
(M |z =(N|Di),Ds) + (M|a=N,Di,Dy)

Csate[\e.-M] = Caate[(y | y = Az.M)] y a new variable

CsafelM N] = Chate[(y | y = M N)] y a new variable
Re’ (M|z=y,D) - (Mlz:=y]| Do :=y)) a#y

(M| D1,D3) — (M | D) Dy # {},D2 L (M | Dy)
Rl_) L. <M | Dl,Dg) — (/\CL'(M | D1> | D2) Do # {},Dl 1 DQ,.’IJ Q’free(DQ)
> M — N do:VV,N° =M

Table 2. Summary of the representational rewriting systems

7. Summary of the representational calculi

In Table 1 we summarize the distinct representational calculi we have introduced so far. We remark
that these systems are not minimal, e.g., the empty box garbage collection axiom is a special case
of garbage collection and therefore is superfluous. The external merge axiom is also superfluous as
it may be derived from naming and internal merge:

(M| D1} | Da) = (|2 =((M|Dy)|Ds)) naming
= (z |z = (M | D1), D) internal merge
= (z |z = M, Dy, Dy) internal merge
= (z |z = (M | D1, D2)) internal merge
= (M | Dy, Ds) naming

We conjecture it is not possible to drop any of the other axioms without losing the completeness
results proved in the previous sections. This does of course not mean that there are no other possible
variations. We could for example replace the application lift axioms by the single axiom

(M | D1){N | D) =(M N | D1, D5) ,

and still have an equivalent calculus. Since our goal is to have calculi that are easy to work with, we
will not pursue the derivation of a minimal system any further.

In Table 2 we summarize the corresponding representational rewriting systems. The convertibility
relation of these systems is the same as their associated provable equality. This was proven in
Proposition 4.6 for Ry” and is trivial for R7* and R3”.
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Next, we prove termination of Rg* and R;”. To that end we define a function |.| on cyclic terms
that gives a decreasing measure. This function is a pair of two measures, |.|; and |.|2. |.|1 counts the
number of naming redexes; |.|2 associates a multiset to every term that counts for every letrec and
every equation the distance to the root, counting passing through a lambda and an application but
not counting passing through a letrec. In giving |.|1, we use the measures |.|?, i = 0,1 that count the

number of unnamed nodes in a term assuming the top node does not (i = 0) or does (i = 1) need a
label.

DEFINITION 7.1. The termination measure for normalization of the representation (written as |.|)
is defined by:
|M| = (|M]y, |M]>)

where |M|; = |[M|{ and |[M|i(i =0,1) is defined by

jzl; = 0
[Az. M4 = i+ |M|}
|M N} = i+ [M|; +|N|i
(M |2y =My, -oan = Mot = ML+ 355 [ M]3

and |M |2 is defined by:

|zl = {}
|M N|a inc(|M|2 U|N|2)
|)\.’L’M|2 = 1nc(|M|2)
(Mo |1 = My, 2n = Mp)l2 = Ui_o({0} U [Mil2)

where inc(S) = f{n+1|neS}.
We use the standard ordering on both components and the lexicographic ordering on the pair.

Before proving that every step decreases the termination measure, we first show two lemmas.
These lemmas reduce the task of proving |C[M]| > |C[N]| if C[M] — C[N], by an application of
the rule M — N, to proving |M| > |N|. We adopt the notation:

n

1 = Mi,...,zn = Myly = | J{O} U |Mi],) .

i=1
LEMMA 7.2. Given M,N < Ao and o context C.
@) I |M|? > N|9 and |M|} > |NI|} then for j = 0,1: |C[M]}] > [C[N]|{.
(il) If [M[} > [N} then |Csate[M]|; > |Csate[N]l1 -

PROOF.
(i) Simple induction on the context C'.

(ii) Follows immediately from the claim that there exists a constant ¢ such that for every term P,
|Csate[P]|} = ¢ + | P|}. We prove the claim by cases on Csafe:

- Csate = C': Simple induction on C’.
- Csate = C[Az.C"]: Tt is not hard to prove that |C[Az.C'[P]]|} = |C[Az.z]|} + |C'[P]|i. The
result then follows from the first case.

- Csate = C[C' M]: From the first case and the equation: |C[C'[P] M]|} = |C[z =]|; +|C'[P]|} +
|M]1.
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- Csafe = C[M C']: Similar to previous case.
O
LEMMA 7.3. Given M,N € Ao and a context C. If M|y > |N|y then |C[M]|2 > |C[N]|2.
ProOF. By induction on the context C.
- C = 0. Trivial.

-C=PC(C".
IC[M]|2 = [P C'[M]|

= inc(|Pl]2 U |C'[M]]2)

> inc(|Pla U|C'[N]|2)

= |P C'[N]]

= [C[N]|2
-C=C"Q.

|C[M]]z = inc(|C'[M]|2 U |Q|2) > inc(|C'[N]]2 U|Q|2) = |C[N]]2
-C=M.C.
|C[M]|2 = inc(|C'[M][2) > inc(|C'[N]|2) = |C[N]|2

-C=(C"| D).

|C[M]]> = |C"[M]] U {0} U D> > [C'[N]]2 U {0} U D> = |[C[N]|2
-C=(P|z=C",D).
|C[M]]> = [Pl> U {0} U|C'[M]]s U {0} U|D]> > [Pl U {0} UIC'[N]|; U {0} U[D]> = [C[N]|2
O
THEOREM 7.4. R{" is terminating.

Proor. We show that if C[M] — C[N] then |C[M]| > |C[N]]- By cases on the rule being applied.

Naming rule. We obviously have:

M NI} > [{yly=M N)|{
Az. M|} > |

By Lemma 7.2(ii) we then have |C[M]|; > |C[N]|1, because C' must be a safe context. Hence,
|C[M]| > |CIN]|.

Other rules. We claim that every other rule satisfies |[M|} > |[N|¢ and |M|2 > |N|s. It then follows
by Lemma, 7.2(i) that |C[M]|; > |C[N]|: and it follows by Lemma 7.3 that |C[M]|2 > |C[N]|2-
Hence, |C[M]| > |C[N]|.

The claim about the first measure is trivial for all rules. We prove next the claim about the
second measure

(M| D) Nl; = inc((M |D)[> U|N|2)

inc(|[M|]2 U {0} U |D|2 U |N]2)

incE|M|2 U|D|2U|N|2) U {1}
(

inc(|M|, U|D]> U [NJy) U {0}
inc(|M|, U |N|2) U §0} U | D]
|M N> U {0} U |DJ

(M N | D)2

IAVARVANI!
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|M (N[ D)l inc(|Ml, U N2 U £0} U |D]5)
inc(|M|, U|N|2) U {0} U D],

(M N | D)y

v

|Az.(M | D1,y = N, Dy)|s inc(|M|2 U {0} U |Dy1|a U {0} U|N|2 U|Dsl2)

> inc(|M|2 U {OB U |D1|2) U E0,0}} U |N|2 U |D2|2
= [(Az({M | D1) |y = N, D2)|2
{M | D1,Dsa)|]2 = [M]2U {0} U|Di]|aU D22

> |M|2 U HO} U |D1|2

= M| Di)l2
(M)l = |M]uU{0}

> |M|2
(M |z=(N|Di),D2)]> = [M[xpU{0}U(|N|]2U{0}U|Di]2) U {0} U[Dsl>

> M2 U{0}U[N|]2U {0} U[Di]2U|D2|2

|(M | = N, D1, Ds)|>

((M | D1) | D2)|> (M2 U {0} U |D1f2) U {0} U Dol

> |M|2U{0} U[D1]2 U|D22
= |(M | D1, Da)l|2

(M |z=y,D)l = |[MU{0}u{0}uU|Dl
> |M|,U {0} U |Ds

|Mlz := y]| U O} U |D[z := y]l»
Mz := y]| Dz := y])|2

O

8. Alternative representational rewriting systems

We now investigate alternative representational rewriting systems obtained by orienting the naming
and copying axioms in the opposite direction. When we orient the copy axiom from right to left we
obtain the compression rule:

M—>N 30:Vo>V,M°=NM#%N .

The proviso M # N is there to ensure termination. When we orient the naming axiom from right
to left we obtain the unique substitution rule:

(x|lze=M)—> M .
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If we want to replace naming in Rg" with this rule then, to avoid critical pairs with the lift and
merge axioms, we extend the unique substitution rule to

(Chame[z] | 2 = M,D) — {(Chame[M]| D) z not shared
<M |y:Cname[w];x:N;D) — (M |y:Cname[N],D> yiéib",w not Shared

where x not shared means there exists only once reference to x, and Chame i
Chame =0 | Chame M | M Chame | <Cname | D) | (M | r = Cname;D> .

This restriction on the context avoids substituting under a lambda-abstraction. This needs to be
forbidden because it would move some nodes into the scope of a lambda, which is not allowed in R,.
We remove this restriction for R; and R,, due to their completeness with respect to well-formed
graphs. Hence, we can replace naming in R and R3’* with the more general rules:

(Clz] |z =M,D) — (C[M]|D) z not shared
(M |y=Clz],x=N,D) - (M|y=C[N],D) y# z,z not shared

PROPOSITION 8.1.

Ro b {(Chame[z] | £ = M) = Chame[M] x not shared
R F (Clz] | z=M)=C[M] x not shared

PRrOOF. The proof uses structural induction on the context C[.]

- C = 0. Follows from the naming axiom.

-C=C"N.
(Cla] [z =M) = (C'[z] N|z= M)
= (C'[lz]|z=M) N left lift
= C'[M] N =C[M] induction hypothesis
-C=NC"
(Cla] [z = M) (N C'lz] | ¢ = M)

N (C'[z] |z = M) right lift
= N C'[M]=C[M] induction hypothesis

- C = My.C'. (This case does not occur for Cphame.)

(Clz] |z=M) = (M\y.C'lz]|z= M)
= My.(C'[z] |z = M) lambda-lift
= My.C'[M]=C[M] induction hypothesis
-C=(C"| D).
(C'[a] | D) | = M)

Q
&
8
I
Tl

C'lz] | D,x = M) external merge
(C'lz] | £ = M) | D) external merge
C'[M]| D) =C[M] induction hypothesis

P

_C=(N|y=C"D).

(Cla] |z = M) ((N'|y=C"[2], D) |z = M)
(N |y=C"z],D,z = M) external merge
= (N |y=(C'[z] | z= M),D) internal merge
(N

|y = C'[M],D) =C[M] induction hypothesis
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Rbase .
gase
(M|D)yN - (M N | D)
M{(N|D) - (M N |D)
M)y - M
((M | D1) | D) — (M| D1,Dz)
(M |z=(N|D1),Ds) = (M |z=N,Dq,D>)
(M|z=y,D) - (M[z:=y]|Dz:=y]) zZy
Rgame .
Csate[A2. M] = Caate[(y | y = Az.M)] y a new variable
Csate[M N] = Casate[(y |y = M N)] y a new variable
Rgnq :
{Chamelz] | £ = M,D) — (Chame[M] | D) z not shared
(M| 2 = Chame[y],y = N,D) = (M |z = Chame[N], D) =z #y,y not shared
Rll:sase .
(M| D1,D2) — (M| Dy) Dy #{},D2 L (M | Dy)
/\l’(M | Dl,D2> — <)\.’L’<M | D1> | D2) D2 # {},Dl 1 DQ,.’L’ ¢free(D2)
Ry
(Clz] |z = M,D) — (C[M]| D) z not shared
- (M |z=Clyl,y=N,D) - (M |z =C[N],D) z Z y,y not shared
RSP
M — N Jo:V->V,N =M
RCOmp N
5 :
M = N o:V sV, M =N,M#N
system | rules confluent | terminating
o | Rase Rpame yes yes
& | RE¥se, R™M yes yes
U | R, Ry yes yes
| Rbase, Ry, Rbase yes yes
RS | Ry, Rgovy yes no
RE | Ry, Rgomp ? yes
Ry | RE, Rgepy no 1no
RE | R, Rgemp no yes

Table 3. Summary of alternative representational rewriting systems
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O

In Table 3 we present how all the different systems combine with each other. We have adopted the
following notation: we superscript a representational rewriting system R with one or two arrow(s).
The (top) arrow indicates the orientation of the naming axiom. If present, the lower arrow indicates
the orientation of the copy axiom.

REMARK 8.2. Given a graph g and a set W such that gc(g, W) is well defined we have shown that
for every M representing g we could find an N representing gc(g, W), such that M —=»N. For R{
1

however such an N does not necessarily exist. For example, in the graph of (z | y = y (z z)) we
have two application nodes which are garbage. On the graph it is legal to remove only the first of
the two. In Ry we have the following reduction sequence:

(@ly=y(z ) == (xly=y(z]|z=1ux))
== (@ly=yz2z=212)
1
= (|z==zx) .

The last term in the sequence properly represents the garbage collection of the single node. The
naming step at the beginning is however essential in this rewriting sequence. Hence, in R{™ it is
impossible to rewrite to a term representing the graph with the single node removed.

PROPOSITION 8.3.
(i) The following rewriting systems are confluent: R, R .
(ii) The following rewriting systems are terminating: R$ ,R{, RE, RE .
(iii) Given M,N € Ao. Then:
Rot M =N iff M <= N
0
RitEM =N iff M <z= N
1
RobFM=N zﬁM(R—;__>>NzﬁM<R—é__>>N zﬁM(R—§:>N .

Proor.
(i) From local confluence and the next item.

(ii) To prove termination of R we use the same pair of measures as in the proof of termination of
Ri" (Theorem 7.4). For the other systems we use a modified version of this pair of measures.
The first counts the number of equations, the second measure remains unchanged.

(iii) Completeness is obvious, soundness follows from:

(Clz] |z =M,D) = ((Clz] |z = M) | D) external merge
(C[M] | D) Proposition 8.1

and

(M|z=Clyl,y=N,D) = (M|2={Cly]|y=N),D) internal merge
= (M |z = C[N],D) Proposition 8.1 .

O

Because in the first-order case the compression rule together with naming yields a confluent
system, we conjecture that the same holds for cyclic lambda terms.
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CONJECTURE 8.4. The rewriting system R3" is confluent.

REMARK 8.5. Confluence is lost for the systems R5* and R§".

R5*. The counterexample to confluence is similar to the one presented in [A